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Abstract
We study the generalization of R→ 1/R duality to arbitrary conformally invariant
sigma models with an isometry. We show that any pair of dual sigma models can
be represented as quotients of a self-dual sigma model obtained by gauging different
combinations of chiral currents. This observation is used to clarify the interpretation
of the generalized duality as a symmetry of conformal field theory. We extend these
results to N = 2 supersymmetric sigma models.
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1. Introduction
It is known from prehistoric times that the vacuum Maxwell equations are pre-
served under the interchange of the field strength Fµν = ∂µAν − ∂νAµ with its dual
1
2
ǫµνρσFρσ. This duality transformation exchanges the electric and magnetic fields,
and at the same time, the field equations ∂µFµν = 0 with the Bianchi identities
ǫµνρσ∂νFρσ = 0. In two dimensions a similar duality transformation can be defined
to act on the “field strength” of a scalar field Pµ = ∂µφ:
Pµ ↔ ǫ
µνPν . (1.1)
Again, this exchanges the field equations ∂µPµ = 0 with the Bianchi identities
ǫµν∂µPν = 0.
More generally, in any two-dimensional nonlinear sigma model with an isometry,
one may define a duality transformation as follows: One gauges the isometry, and
adds to the action a Lagrange multiplier that constrains the gauge field to be flat,
i.e., constrains its field strength to vanish. This generalizes the well-known R→ 1/R
duality [1]. In this paper we clarify the interpretation of this generalized duality in
terms of conformal field theory. In particular, we show that any dual pair can be
obtained by gauging different combinations of chiral currents in a higher dimensional
sigma model, and extend these results to N = 2 superspace.
The plan of the paper is as follows: First we review duality and discuss when
it is an exact equivalence. In section 3 we discuss isometries and the geometric
significance of chiral currents. Our main result is derived in subsection 3.2: we
interpret duality in terms conformal field theory quotients by chiral currents. This is
used to complete the discussion of duality as a symmetry of conformal field theories.
We end section 3 with some general remarks on duality. In section 4, we extend
the discussion to N = 2 supersymmetric sigma models. After reviewing superspace
kinematics, in subsection 4.2 we discuss axial and vector gauge fields and explain
how they are used to implement N = 2 quotients and duality transformations.
We then review the explicit form of duality in N = 2 superspace, and present the
construction of dual pairs as quotients. Finally, we show how N = 2 duality works
in components. In an appendix, we have added a brief description of the geometry
of N = 2 quotients.
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2. Duality in non-linear sigma models
We consider the sigma model action
S =
1
2π
∫
d2z (gij + bij)∂x
i∂¯xj , (2.1)
where g is the metric tensor on some manifold and b is a potential for the torsion
3-form T = 3
2
db. This action is invariant under the isometry
δxi = ǫki (2.2)
when the vector field ki satisfies Killing’s equation Lkgij = ki;j + kj;i = 0 and in
addition LkT = 0; the latter implies that locally
Lkb = dω. (2.3)
for some 1-form ω. Here Lk and d denote the space-time Lie- and exterior derivative.
For sigma models with a dilaton term
Sdil =
1
2π
∫
d2zΦR(2) (2.4)
the dilaton field Φ must satisfy kiΦ,i = 0. One can now choose coordinates {x
i} =
{x0, xa} such that the isometry acts by translation of x0 ≡ θ, and all fields g, b and
Φ are independent of θ. (Here we used the fact that the 2-form b is defined only up
to (space-time) gauge transformations b→ b+ dλ, for some 1-form λ; the 1-form ω
defined in (2.3) transforms under this gauge symmetry as ω → ω + Lkλ.)
The dual theory can be found from the first order action S1[2, 3, 4]
S1 =
1
2π
∫
d2z
[
g00AA¯ + (g0a + b0a)A∂¯x
a + (ga0 + ba0)∂x
aA¯
+ (gab + bab)∂x
a∂¯xb + θ˜(∂A¯− ∂¯A)
] (2.5)
If one integrates out the Lagrange multiplier field θ˜, on a topologically trivial world-
sheet the gauge fields are pure gauge, A = ∂θ, A¯ = ∂¯θ, and one recovers the original
model (2.1). Classically, if one integrates out the gauge fields A, A¯ one finds the
dual model; this is a new theory with action S˜[4, 5]
S˜ =
1
2π
∫
d2z (g˜ij + b˜ij)∂x˜
i∂¯x˜j , (2.6)
3
where {x˜i} = {θ˜, xa} and
g˜00 =
1
g00
, g˜0a =
b0a
g00
, g˜ab = gab −
ga0g0b + ba0b0b
g00
,
b˜0a =
g0a
g00
, b˜ab = bab +
ga0b0b + ba0g0b
g00
.
(2.7)
Quantum mechanically, the duality transformation receives corrections from the
jacobian that comes from integrating out the gauge fields; at one loop, this leads to
a simple shift in the dilaton [6, 4, 5]:∗
Φ→ Φ + ln g00 . (2.8)
With this shift, if the original theory was conformally invariant, at least to one-loop
order, the dual theory will be as well. Note that in general, the geometry of the
sigma model is completely changed by the duality transformation.
It is natural to ask if the dual models are truly equivalent as conformal field
theories. We first consider global issues of the procedure. Let us assume that
the isometry corresponds to a compact U(1)-group, so that the coordinate θ is
periodic with period 2π. The constraint on A, A¯ that comes from integrating out
the Lagrange multiplier θ˜ implies A, A¯ are flat, but in principle they still may have
nontrivial holonomies around non-contractible loops. In general, this would mean
that the dual theory will have twisted sectors, and the duality transformation should
then be thought of as an orbifold construction.† However, by giving θ˜ the appropriate
periodicity, the holonomies are also constrained to vanish: the resulting winding
modes of θ˜ act as Lagrange multipliers for the holonomies. For example, for a
worldsheet with the topology of a torus the action (2.5) contains the term
Swind = na
∮
b
A + nb
∮
a
A (2.9)
where na and nb are the winding numbers of θ˜ around the a- and b-cycle on the
torus. The sum over these winding numbers produces a periodic delta-function for
∗For some recent results on higher order effects, see [7]
†We thank E. Witten for pointing this out to us.
4
the holonomy, which by tuning the periodicity makes the holonomy trivial as an
element of U(1). Explicitly, we find that θ˜ should also have period 2π. Notice that
this is consistent with the fact that for a U(1) gauge field the integrated curvature∫
F takes only integer values: the integral over the periodic constant mode of θ˜
precisely yields the required Kronecker delta (not a Dirac delta) to put
∫
F to zero.
Thus we may conclude that the action (2.5) indeed is equivalent to the original
model without the gauge field.
3. Duality and Quotients
The second step in the duality transformation is integrating out the gauge field; this
does not have an obvious interpretation in terms of conformal field theory because
the current associated with the isometry in general does not correspond to a chiral
current, i.e., to a Kacˇ-Moody type current algebra. In this section, we show how
the general (abelian) duality transformations can be reformulated as a construction
that does involve chiral currents. This construction will allow us to complete the
proof that duality is a true symmetry of conformal field theory.
3.1. Isometries and chiral currents
As a preparation we investigate the following question: when do isometries lead to
chiral currents? We find that the Noether current associated with the isometry (2.2)
is, in general coordinates, given by
J = ki(gij − bij)∂x
j + ωj∂x
j
J¯ = ki(gij + bij)∂x
j − ωj∂x
j (3.1)
where ω is the 1-form that appeared in (2.3). It is easily shown using the equations
of motion that this current is conserved: ∂J¯+ ∂¯J = 0. However, in general the chiral
components J and J¯ are not conserved separately, as is illustrated by the familiar
example of the Lorentz generators.
To have a chiral current J , satisfying ∂¯J = 0, we must be able to find a gauge for b
such that J¯ = 0. From (3.1) we see that this implies that ωj = k
i(gij+bij). Inserting
5
this into (2.3) gives a more restrictive condition on the b-field, which combined
with Killing’s equation implies that the vector ki must be covariantly constant with
respect to the connection D+i
D+i kj = ∂ikj − Γ
k
ijkk − T
k
ijkk = 0 (3.2)
where T is the torsion tensor. At this point there are two possibilities:
(i) T kijkk = 0 , or (ii) T
k
ijkk 6= 0.
In the first case the condition (3.2) implies that the coordinate θ corresponding to
the Killing vector represents a free scalar that decouples from the rest of the theory.
Possibility (ii) is more interesting and leads to an action of the form
SL =
1
2π
∫
d2z
[
∂θ∂¯θ +Ga(x)∂x
a∂¯θ] + S[x] , (3.3)
Clearly this action gives rise to a (left) chiral current JL = ∂θ + 1
2
Ga∂x
a that
generates the chiral symmetry δθ = α(z).
A somewhat curious property of this type of action is that by applying the duality
transformation (2.7) we get back the same action, i.e.,
gij = g˜ij , bij = b˜ij . (3.4)
In this sense a sigma model with a chiral current can be called self-dual,∗ although
one can consider more general self-dual models for which (3.4) holds up to diffeo-
morphisms.
3.2. Duality and quotients by chiral currents
Even though the current that generates the isometry is in general not chiral, the
corresponding duality transformation can be understood in terms of chiral currents.
The basic clue comes from a interesting recent example: the stringy two dimensional
black hole [8] constructed as a quotient of the Sl(2, IR) WZW model by a U(1)
∗To really make it self-dual one should adjust the periodicity of θ to its self-dual value.
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subgroup. In [9, 10, 11], it was shown that two different quotients (resulting from
axial vs. vector gaugings) gave equivalent CFT’s with geometries dual in the sense
discussed above. We now generalize this construction to any pair of dual manifolds
with dimension d.
We start with a d + 1 dimensional sigma model which in addition to the chiral
current JL has a right-handed chiral current J¯R. From the above discussion we see
that this requires a second isometry with a covariantly constant Killing vector with
respect to the connection D−i , which differs from D
+
i in the sign of the torsion term.
The most general action then takes the form†
SLR =
1
2π
∫
d2z
[
∂θL∂¯θL+∂θR∂¯θR+2B(x)∂θR∂¯θL+G
R
a ∂θR∂¯x
a+GLa∂x
a∂¯θL
]
+ S[x] ,
(3.5)
where xa are coordinates on an arbitrary manifold with an arbitrary WZW term,
i.e., S[x] = 1
2pi
∫
d2z (Gab+Bab)∂x
a∂¯xb. This action has separately conserved left and
right handed currents
JL = ∂θL +B∂θR +
1
2
GLa∂x
a ; J¯R = ∂¯θR +B∂¯θL +
1
2
GRa ∂¯x
a , (3.6)
corresponding to the U(1)R × U(1)L symmetry δθR = αR(z¯) , δθL = αL(z). Next
we can choose to gauge an axial or vector subgroup
δV,AθR = α , δV,AθL = ±α . (3.7)
For the gauged action we take the “minimally coupled” action that follows from
(3.5) by the prescription
∂θR → ∂θR +
1
2
A , ∂θL → ∂θL ±
1
2
A ,
∂¯θR → ∂¯θR +
1
2
A¯ , ∂¯θL → ∂¯θL ±
1
2
A¯ ,
(3.8)
and add the gauge invariant term
1
2
(θR ∓ θL)(∂A¯− ∂¯A) . (3.9)
†The action for the SL(2, IR) WZW-model is of the form (3.5) with GR
a
= GL
a
= 0, B(x) =
cosh(x), and S[x] = − 1
2pi
∫
d2z ∂x∂¯x.
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We include this term so that the gauge-field couples directly to chiral currents JL
and J¯R in the gauged action:
S±gauged = SLR +
1
2π
∫
d2z
[
AJ¯R ± A¯JL +
1
2
AA¯(1± B)
]
. (3.10)
This ensures that when the sigma-model described by (3.5) is conformally invariant,
the same holds for the gauged models (and vice versa). We come back to this point
below.
Eliminating the gauge field from (3.10) gives
SV =
1
2π
∫
d2z
[(1 +B
1− B
)
∂θ˜∂¯θ˜+
GRa
1− B
∂θ˜∂¯xa+
GLa
1− B
∂xa∂¯θ˜+
1
2
GLaG
R
b
1−B
∂xa∂¯xb
]
+ S[x]
(3.11)
for the vector gauging, and
SA =
1
2π
∫
d2z
[(1− B
1 +B
)
∂θ∂¯θ+
GRa
1 +B
∂θ∂¯xa−
GLa
1 +B
∂xa∂¯θ−
1
2
GLaG
R
b
1 +B
∂xa∂¯xb
]
+ S[x]
(3.12)
for the axial gauging, where
θ = θR − θL , θ˜ = θR + θL . (3.13)
We see that these actions describe different sigma models, each with an isometry
corresponding to translations in θ and θ˜ respectively. If we choose
1 +B
1− B
= g00 ,
GR,La
1− B
= g0a ± b0a , Gab +Bab +
1
2
GLaG
R
b
1− B
= gab + bab , (3.14)
we find that (3.11) and (3.12) are precisely related via the duality transformation
(2.7). By taking into account the jacobian that arises from integrating out the gauge
field, we find that the dilaton field gets shifted by
Φ→ Φ + ln(1± B) , (3.15)
which is also in accordance with (2.8). It follows that any pair of dual sigma models
can be obtained in this way.
8
As mentioned above, the action (3.5) with chiral currents is conformally invariant
if the dual pair (3.11-3.12) are. One can explicitly check that this is true at one-loop
order. This is most easily done using the previous observation that duality respects
the one-loop beta functions. We start with the gauged action (3.10) and add a
Lagrange multiplier term
1
2π
∫
d2z φ(∂A¯−∂¯A) . (3.16)
Note that for duality transformations, it doesn’t matter whether we use “minimal
coupling” (3.8) or the gauging (3.10), as terms such as (3.9) can be absorbed into
the Lagrange multiplier term. We find that the dual of (3.10) with respect to the
vector (axial) symmetry is (after shifting θ → θ+φ) precisely the action SV (SA) of
(3.11,3.12), respectively, with an extra, decoupled free field represented by φ. This
makes clear that when the one-loop β-functions vanish for one of the three actions
SA, SV and SLR, the same holds for the other two.
We can now use the above quotient construction to fully establish that the dual
sigma models are equivalent as conformal field theories as follows: First we note
that the two actions (3.11) and (3.12) are simply related by reversing the sign of B
and GLa . This operation is a symmetry of the original action (3.5) in the sense that
it can be undone by the coordinate transformation θL → −θL. The net effect of the
combined operation, however, is that the vector and axial gaugings are interchanged.
From this we may conclude that these two gaugings are, at least locally, equivalent.
To extend this to a global equivalence we need to impose that θ = θR − θL and
θ˜ = θR + θL both have the same periodicity.
Let us explain how all this can be interpreted in terms of conformal field the-
ory. The gauging of the currents amounts to a generalization of the GKO coset-
construction obtained by modding out by the left and right chiral current. Con-
cretely this implies that one only keeps the fields which are primary with respect
to the U(1)R × U(1)L current algebra. The difference between the axial and vector
gauging is only in the assignment of the U(1) quantum numbers (qR, qL) that are
carried by these primary fields. Following the above discussion we see that by re-
versing the signs of, say, all left charges qL, while keeping the same right charges qR,
we go from one model to its dual. More precisely, for every primary field with charge
(qR, qL) there is a corresponding field in the dual model with charges (qR,−qL). All
correlation functions are invariant under this operation, because conformal dimen-
sions, OPE’s, etc. depend only on quadratic combinations of the charges qL. Thus
we conclude that duality is truly a symmetry of the conformal field theory.
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3.3. Some General Remarks on Duality
One of the most interesting applications of the quotient construction and generalized
duality is to the 2d black hole CFT. For this we refer the reader to the literature[8,
9, 10, 11]. It is not hard to think of other examples, but this we also leave to the
reader. Here we will just comment on some general aspects of duality.
A first remark concerns the occurrence of singularities. When the isometry on
the original manifold has a fixed point then by duality the dual manifold will have
a singularity at the corresponding point. This can be illustrated with the somewhat
trivial example of the 2d plane. In polar coordinates the metric
ds2 = dr2 + r2dθ2 (3.17)
becomes
ds2 = dr2 + r−2dθ2 (3.18)
after duality. In addition there is a dilaton field Φ = ln r2. So indeed the fixed point
of the isometry, i.e., r = 0, becomes a singular point after the duality transformation.
The primary fields of the CFT on the 2d plane all correspond to momentum modes.
On the dual plane, however, there are, due to the singularity, no (normalizable)
momentum modes; instead there are only winding modes. Duality tells us that,
when we identify the winding numbers m with the angular momentum quantum
numbers m, corresponding dual fields have the same correlation functions. Thus,
although the dual theory appears to be a singular theory, it actually behaves as the
free theory on the plane.
For isometries corresponding to a compact U(1), we can fix the periodicity of
θ and θ˜ to be 2π; different periods can be obtained by rescaling g00 and the other
components of the metric and b-field. Notice, however, that the period of θ˜ must
always be the reciprocal of that of θ; otherwise, the two models are not fully equiva-
lent but related via an orbifold construction. As a limiting case we can consider the
duality transformation (2.7) for a non-compact isometry for which the correspond-
ing θ coordinate can take any real value. We then find that the dual coordinate θ˜
must have period zero, and so the dual manifold is actually an orbifold obtained by
modding out the translations in θ˜. For the confromal field theory this implies that
the pure momentum states are removed and are again replaced by winding states.
Duality can also be applied to models with a lorentzian signature. Particularly
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interesting examples are backgrounds with a time-like killing vector k, such as static
black hole solutions. Here it may happen that in some region of space-time k
becomes space-like. This means that at the boundary between the two regions,
usually called the event horizon, k is a null vector. Since we have the relation
g00 = ‖k‖
2 (3.19)
we see that, as for fixed points, there will be a singularity in the dual space-time.
Thus, the observation made in [10, 9] that the event horizon and the singularity of
the 2d black hole are interchanged by duality, is in fact much more general. Finally,
we note that in principle the duality transformation (2.7) could change the signature
of the manifold. This would be quite disturbing, but fortunately one can check that
det g˜ij =
1
g200
det gij , (3.20)
which shows that at least determinant of the metric does not change sign. We believe
therefore that the signature of space-time is not altered by duality.
4. Duality in N = 2 Supersymmetric Sigma Models
Somewhat surprisingly, the whole previous discussion can be lifted to N = 2 super-
space. First we introduce some notation.
4.1. N=2 Superspace
In N = 2 superspace, dynamics and kinematics are entwined in interesting ways. In
addition to the choice of action, one has to choose representations of supersymmetry,
i.e., superfields that obey various kinematical constraints (see for example [12]).
Here we focus on two kinds of multiplets that are naturally dual to each other:
chiral and twisted chiral multiplets [13]. (Other representations are possible [14]).
The basic derivatives of N = 2 superspace are complex left(right) moving spinor
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derivatives D+, D− that obey the algebra
{D+, D¯+} = ∂ , {D−, D¯−} = ∂¯ , (4.1)
all other (anti)commutators vanishing. The N = 2 superspace action is written
as[13]
S =
1
2π
∫
d2z D+D−D¯+D¯−K(Φ, Φ¯,Λ, Λ¯) , (4.2)
where Φ and Λ are complex superfields obeying a chiral or twisted chiral constraint:
D¯±Φ = 0 , D¯+Λ = D−Λ = 0 . (4.3)
As a consequence of these constraints, the action changes only by a total deriva-
tive if we shift K by functions f(Φ,Λ), g(Φ, Λ¯), or the complex conjugates. The
constraints can be explicitly solved by writing Φ,Λ in terms of an unconstrained
complex superfield Ψ:
Φ = iD¯+D¯−Ψ , Λ = iD¯+D−Ψ . (4.4)
If K is independent of the twisted chiral fields Λ, Λ¯, then the manifold described is
Ka¨hler[15]; in the general case, the geometry has been described in [13].
4.2. N=2 Quotients and Duality
Because the geometry is restricted by N = 2 supersymmetry, one can not take a
usual quotient. In the Ka¨hler case, the situation is well known [16, 17, 18], and one
must perform a Ka¨hler reduction. We describe the construction for the general case
(4.2) in the appendix.
In practice, the N = 2 quotient is performed very much in analogy with the
bosonic quotient; we simply gauge the symmetry, not including a kinetic term for
the gauge field, and eliminate the gauge field by its resulting equation of motion.
Supersymmetry guarantees that the resulting quotient includes the moment map
constraint described in the appendix. To do this, we need to review the superfield
description of gauge fields, and introduce a (slight) modification of the known gauge
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multiplet, the twisted gauge multiplet that couples naturally to twisted chiral su-
perfields.∗ The usual gauge multiplet naturally gauges a vector symmetry, whereas
the twisted multiplet naturally gauges an axial gauge symmetry. Both the usual
gauge multiplet and the twisted gauge multiplet are described by a real uncon-
strained superfield V . They differ in that for the usual gauge multiplet the gauge
transformation acts as a shift by the real part of a chiral superfield,
δV = Φ+ Φ¯ , (4.5)
whereas for the twisted multiplet the gauge transformation acts as a shift by the
real part of a twisted chiral superfield:
δV = Λ + Λ¯ . (4.6)
The corresponding super field-strengths also differ: for the usual gauge multiplet,
the complex twisted chiral scalar D¯+D−V is gauge invariant, whereas for the twisted
multiplet, the field-strength is chiral: D¯+D¯−V . (These field-strengths correspond
to the physical scalars of the two-dimensional gauge multiplet). The only isometries
that we can gauge without losing N = 2 supersymmetry are ones that act holomor-
phically either on chiral superfields or on twisted chiral superfields. For the U(1)
case, the situation is particularly simple, and one can always choose coordinates
such that K is invariant and depends only on Φ + Φ¯ or Λ + Λ¯, depending on what
kind of a gauging we want to perform. The “minimal” coupling prescription consists
of merely substituting
Φ + Φ¯→ Φ + Φ¯ + V (4.7)
or
Λ + Λ¯→ Λ + Λ¯ + V . (4.8)
However, that is not the whole story. There exist further gauge invariant terms
(generically referred to as “Fayet-Iliopoulos terms”[19, 16]) that can and should be
added. The original FI term consisted of just V ; because the gauge parameters are
constrained, up to a total superspace derivative, this is gauge invariant. In our case,
∗One can also find “chiral” gauge multiplets that couple to the semichiral models of [14] in an
obviously analogous way. Chris Hull has informed us that he has independently observed that such
variant gauge multiplets can exist in two dimensions.
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when we have both chiral fields (Φ) and twisted chiral fields (Λ), we can generalize
this; for an arbitrary function f
[f(Λ) + f¯(Λ¯)]V (4.9)
is invariant (again, modulo total superspace derivatives) under chiral gauge trans-
formations (4.5), and
[f(Φ) + f¯(Φ¯)]V (4.10)
is invariant under twisted chiral transformations (4.6). However, just as in the
bosonic case, when we perform a duality transformation these terms can be absorbed
by shifting the Lagrange multipliers: The condition that V is pure gauge is imposed
by constraining the appropriate field strengths, i.e., by including a term
i(ΨD¯+D−V + Ψ¯D+D¯−V ) (4.11)
for the usual gauge multiplet (4.5), or
i(ΨD¯+D¯−V + Ψ¯D+D−V ) (4.12)
for the twisted gauge multiplet (4.6). Here Ψ is an unconstrained Lagrange multiplier
field. Integrating by parts, these become
(Λ + Λ¯)V , (Φ + Φ¯)V , (4.13)
respectively, where Λ,Φ are now constrained Lagrange multipliers. Clearly, (4.13)
can be used to absorb (4.9,4.10).
4.3. Explicit superspace duality
Concretely, consider a model with a superspace Lagrangian [13]
K = K(Φ + Φ¯, Xa) , (4.14)
where Xa are “spectator” superfields that may be of any type (chiral, twisted chiral,
etc.). The first order Lagrangian is
K1 = K(Φ + Φ¯ + V,X
a)− (Λ + Λ¯)V . (4.15)
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Integrating out Λ constrains V to be pure gauge, and hence leads back to (4.14);
integrating out V gives
K˜ = K(V,Xa)− (Λ + Λ¯)V (4.16)
where
∂K
∂V
= Λ + Λ¯ (4.17)
defines V = V (Λ + Λ¯, Xa). Thus K˜ is the Legendre transform of K[20].
This discussion has been purely classical; quantum mechanically, one generally
needs a dilaton as in the bosonic case. Curiously, in some circumstances (for example
when the dual pair actually has an accidental N = 4 supersymmetry), the dilaton
contribution is automatically incorporated [6, 4, 5].
As in the bosonic case, we can learn about duality and conformal field theory
quotients from the two-dimensional black hole. In [21, 22], the supersymmetric
WZW model on SU(2)× U(1) was described in N = 2 superspace in terms of one
chiral and one twisted chiral superfield, and was shown to be dual to [SU(2)/U(1)]×
U(1)2.
We can follow the basic pattern and generalize this to arbitrary N = 2 mod-
els with an appropriate isometry (as described above). We take a superspace La-
grangian†
K = −
1
2
(Λ + Λ¯)2 +K0(Φ + Φ¯ + Λ + Λ¯;X
a) , (4.18)
where, as above, Xa are spectator fields. Up to a total superspace derivative, this
can be rewritten as
K =
1
2
(Φ + Φ¯)2 + Kˆ0(Φ + Φ¯ + Λ + Λ¯;X
a) , (4.19)
† For SU(2)× U(1)[21, 22],
K =
∫ ΦΦ¯
ΛΛ¯ dx
x
ln(1 + x) −
1
2
(lnΛ + ln Λ¯)2 .
where lnΛ plays the role of Λ in the text here, etc. Up to total superspace derivatives, this can
also be written as
K = −
∫ ΛΛ¯
ΦΦ¯ dx
x
ln(1 + x) +
1
2
(lnΦ + ln Φ¯)2 ,
These are the forms (4.18) and (4.19) of the superspace action specialized to SU(2)× U(1).
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where
Kˆ0(Φ + Φ¯ + Λ + Λ¯;X) = K0 −
1
2
(Φ + Φ¯ + Λ + Λ¯)2 . (4.20)
As we saw above, quotients are inherently ambiguous; it is much safer to make a
duality transformation. As in the bosonic case, we will find that after a duality
transformation, we find the quotient model and a completely decoupled free field.
We can make a duality transformation either with respect to Φ + Φ¯ or Λ + Λ¯; we
use (4.18) or (4.19) as our starting point. Performing the duality transformation as
described above (dropping total superspace derivatives), for the vector case we find
K+ = −
1
2
(Λ + Λ¯)2 +K0(V ;X)− (Λ˜ +
˜¯Λ)(V − Φ− Φ¯− Λ− Λ¯)
= −
1
2
(Λˆ + ˆ¯Λ)2 +
1
2
(Λ˜ + ˜¯Λ)2 +K0(V ;X)− (Λ˜ +
˜¯Λ)V ,
(4.21)
where Λˆ = Λ− Λ˜ is a free field (and is decoupled), and V is determined by
∂K+
∂V
=
∂K0
∂V
− Λ˜− ˜¯Λ = 0 . (4.22)
For the axial gauging, we find
K− =
1
2
(Φ + Φ¯)2 + Kˆ0(V ;X) + (Φ˜ +
˜¯Φ)(V − Φ− Φ¯− Λ− Λ¯)
=
1
2
(Φˆ + ˆ¯Φ)2 +K0(V ;X)−
1
2
(V − Φ˜− ˜¯Φ)2 ,
(4.23)
where Φˆ = Φ− Φ˜ and V is determined by
∂K−
∂V
=
∂K0
∂V
− V + Φ˜ + ˜¯Φ = 0 . (4.24)
After dropping the free field terms, the superspace actions K+(Λ˜ + ˜¯Λ;X) (4.21)
and K−(Φ˜ + ˜¯Φ;X) (4.23) are indeed Legendre transforms of each other, and hence
correspond to dual models. To show that any dual pair can be derived in this way,
we note (4.21) is a free field action for Λˆ combined with K˜0(Λ˜ +
˜¯Λ;X) + 1
2
(Λ˜ + ˜¯Λ)2,
where K˜0 is the Legendre transform of K0. Hence if we are given some K(Λ˜+
˜¯Λ;X),
and want to find K0(V ;X), we simply take the inverse Legendre transform of K(Λ˜+
˜¯Λ;X)− 1
2
(Λ˜ + ˜¯Λ)2.
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4.4. N = 2 Duality in Components
Though the N = 2 construction is in many ways analogous to the bosonic construc-
tion, the relation can be made more precise by working out the component form. As
the basic superspace technology is readily available (see for example [12, 13, 17]),
we give only the relevant results. In particular, since we are interested in comparing
to the bosonic expressions of the previous sections, we drop all fermionic terms.
To proceed, we must specify the constraints on the spectator fields Xa; we choose
to divide them into two sets, chiral superfields X i and twisted chiral superfields Xr.
We further introduce the following notation:
ρ = Re(Φ + Λ) , ϕ = Re(Φ− Λ) , θR = Im(Φ + Λ) , θL = Im(Φ− Λ) , (4.25)
for the leading bosonic components of the superfields Φ,Λ, and
xa = ReXa , ya = ImXa (4.26)
for the leading bosonic components of the “spectator fields” X. It is also useful to
express the answer not in terms of K0 or Kˆ0 above (see (4.20), but in terms of the
average K¯ = 1
2
(K0 + Kˆ0).
The bosonic component action that results from (4.18,4.19) is then
S =
1
2π
∫
d2z
[
∂θL∂¯θL + ∂θR∂¯θR + 4K¯
′′∂¯θL∂θR +G
R
a ∂θR∂¯x
a −GLa∂x
a∂¯θL
+ ∂(ϕ + K¯ ′)∂¯(ϕ+ K¯ ′)
]
+ S[ρ, x, y] ,
(4.27)
where K¯ ′ ≡ ∂K¯(ρ;x,y)
∂ρ
, etc., and
GRxi = 2K¯
′
xi G
R
xr = −2K¯
′
xr G
R
yi = −2K¯
′
yi G
R
yr = 2K¯
′
yr
GLxi = 2K¯
′
xi G
L
xr = 2K¯
′
xr G
L
yi = −2K¯
′
yi G
L
yr = −2K¯
′
yr
(4.28)
This is precisely of the form (3.5) with an extra free field ϕ + K¯ ′. This free field
that is present before duality explains why N = 2 duality decouples a complex field.
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Appendix: The geometry of N = 2 supersymmetric quotients
We begin by reviewing the geometry of N = 2 models as described in [13]. In
general, N = 2 supersymmetric models can be constructed on complex manifolds
with two complex structures J ± that are both compatible with the metric g, and
that are preserved by connections Γ± = Γ0 ± T : (∂ + Γ±)J ± = 0. Here Γ0 is
the Levi-Civita connection constructed just out of the metric and T is the torsion
T = 3
2
db as in the text. It follows that ω±ij ≡ gikJ
±k
j is in general not closed but
obeys ∂±∂¯±ω± = 0. If the torsion vanishes, then J + = J −, the manifold is Ka¨hler
and dω = 0. Quotients will preserve N = 2 supersymmetry if and only if they
preserve these geometric properties.
In the Ka¨hler case, the N = 2 quotient can be performed for any isometry
that preserves the Ka¨hler form. The procedure is well known: since ω is a (closed)
symplectic form, the equation Lkω = 0 can be integrated to
ωijk
j = ∂iµ ,
which defines the moment map µ up to an integration constant. The Ka¨hler quotient
is then simply the ordinary quotient on the submanifold µ = 0.
A generalization to the more general N = 2 geometry exists when the following
conditions are satisfied (we have not determined which of them are independent
and which are implied by a subset): There must be a family of submanifolds on
which the commutator [J +,J −] of the two complex structures vanishes. Each such
submanifold further admits two families of smaller submanifolds on which J + =
±J −; any of these smallest submanifolds is Ka¨hler, where the Ka¨hler form is the
restriction of ω±.
The isometry must preserve both complex structures as well as the torsion, i.e.,
LkJ
± = LkT = 0. Furthermore, the isometry must be tangent to one of the two
families defined above; without loss of generality, we assume
J +ijk
j = J −ijk
j .
We now construct the moment map µ on this Ka¨hler submanifold. The integration
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constants are allowed to depend on the coordinates of the other family of submani-
folds as long as
(∂+ − ∂−)(∂¯+ − ∂¯−)µ = 0 .
The quotient is again taken on the submanifold µ = 0. This generalizes the usual
moment map construction.
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